NASH EQUILIBRIUM AND
STRATEGIC BEHAVIOR

Sercan Kiilcti | 30.05.2023



Contents

Contents

.............................................................................................................................. 1
1T INETOAUCHION ...ttt 2
2 Strategic Behaviors........cocociiviiiiiiii e 4
20 RAtiONAlitY ..couieieieieee s 4
2.2 Strate@ic INteractionsS.........ccceivieriiriieiiiiiereeerteee ettt 5
2.3 SEADIIIEY ettt 6
2.4  Multiple EQUILIDIIA ....c.coirieieiieicieeeeee e 7
2.5  Suboptimal OULCOMES .......ccooueiriiuiririiiicirceecrcreee ettt 8
2.6  MixXed StrateZies .......ccceouevirireriiieiiieie ettt 9

PAGE1



1 Introduction

Nash equilibrium is a central concept in game theory that captures the notion of
strategic behavior and stable outcomes in games. It refers to a set of strategies, one
for each player, where no player has an incentive to unilaterally deviate from their
chosen strategy, assuming all other players stick to their strategies. In other words,

at a Nash equilibrium, no player can improve their payoff by changing their strategy

alone.

Here's how Nash equilibrium relates to strategic behavior:

Rationality: Nash equilibrium assumes that players are rational decision-
makers who act in their own self-interest. Each player selects a strategy that
maximizes their expected payoff, taking into account their beliefs about the
other players' strategies and the resulting payoffs.

Strategic Interactions: Nash equilibrium captures the idea that players take
into account the actions and potential responses of others. They anticipate
how their choices will affect other players' payoffs and adjust their strategies
accordingly.

Stability: Nash equilibrium represents a stable state of the game, where no
player has an incentive to unilaterally change their strategy. If a deviation
were beneficial, a rational player would make that move, leading the game
away from the initial equilibrium.

Multiple Equilibria: Some games have multiple Nash equilibria, where
different combinations of strategies yield stable outcomes. In such cases,
players may have different beliefs or focal points that guide their choice of
equilibrium. The selection of a particular equilibrium may depend on factors
like communication, coordination, or prior agreements.

Suboptimal Outcomes: Nash equilibria do not necessarily yield the best or
most desirable outcomes from a societal perspective. In some cases, players
may end up in equilibria that are inefficient or suboptimal, resulting in lower
overall payoffs or welfare. This is captured by the concept of the "price of
anarchy” in algorithmic game theory.

Mixed Strategies: Nash equilibrium can involve mixed strategies, where
players randomize their choices according to certain probabilities. Mixed
strategies arise when there is no pure strategy that dominates all others, and
players introduce randomness to optimize their expected payoffs.

Nash equilibrium provides a valuable tool for analyzing and predicting strategic
behavior in various contexts, such as economics, politics, and social interactions. It
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helps identify stable outcomes and understand the incentives and motivations that
shape players' decisions.
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2 Strategic Behaviors

2.1 Rationality

Rational decision-making forms the bedrock of game theory. It assumes that players
possess the ability to reason and make strategic choices that align with their self-
interests. By analyzing the strategic landscape, considering the available
information, and evaluating potential outcomes, rational players select strategies
that maximize their expected payoffs.

Nash equilibrium represents a state where no player can unilaterally improve their
outcome by deviating from their chosen strategy, assuming all other players remain
unchanged. In this equilibrium, each player's strategy is the best response to the
strategies chosen by others. Rationality forms the basis for Nash equilibrium, as
players aim to optimize their payoffs based on their beliefs about the strategies and
payoffs of other players.

Rational players take into account their beliefs about the strategies and payoffs of
other players when selecting their own strategies. These beliefs may be based on
observations, past experiences, or assumptions about the rationality of other players.
Rationality allows players to update their beliefs as new information becomes
available, enabling them to adapt their strategies and respond strategically to
changes in the game.

Expected payoffs quantify the potential outcomes or utilities that players anticipate
based on the strategies they choose. Rational players seek to maximize their
expected payoffs by carefully evaluating the potential outcomes and weighing the
risks and rewards associated with each strategy. By considering the payoffs, players
can make informed decisions and select strategies that are likely to yield favorable
outcomes.

The concept of rationality extends beyond theoretical game settings and finds
applications in various real-world scenarios. From economics and business strategy
to social interactions and political negotiations, understanding rational decision-
making helps us analyze and predict behavior in complex, strategic environments.
It empowers us to design mechanisms, algorithms, and systems that encourage
desirable outcomes and align individual incentives with collective goals.
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While rationality forms the foundation of game theory, it is essential to acknowledge
its limitations. Human decision-making is often influenced by emotions, biases, and
bounded rationality. Behavioral game theory explores these deviations from perfect
rationality and provides insights into decision-making processes that depart from
traditional rational models.

2.2 Strategic Interactions

Strategic interactions occur when the decisions of one player impact the outcomes
and payoffs of other players. Players engage in a complex web of interdependencies,
where their strategies are influenced by their beliefs about others' actions and the
resulting payoffs. Understanding strategic interactions is key to unraveling the
dynamics of decision-making in various domains.

Nash equilibrium captures the essence of strategic interactions, as it represents a
state where no player has an incentive to unilaterally deviate from their chosen
strategy. Rational players anticipate the potential responses of others and adjust
their strategies accordingly to maximize their payoffs. Nash equilibrium captures
the mutual adjustment of strategies in response to each other's actions.

In strategic interactions, players recognize that their choices not only affect their
own payoffs but also influence the payoffs of others. They consider the interplay
between their strategies and the strategies chosen by other players. Through this
mutual influence, players aim to achieve a favorable outcome given the choices
made by all participants.

Players form beliefs about the strategies and payoffs of other players, based on
observations, past interactions, or assumptions about rational behavior. These
beliefs shape their strategic decision-making process, as players anticipate how their
choices will impact the payoffs of others. Rational players update their beliefs as they
receive new information, leading to adjustments in their strategies.

Strategic interactions involve elements of coordination and conflict. Coordination
arises when players have aligned interests and seek to reach mutually beneficial
outcomes. Conflict emerges when players' interests diverge, leading to strategic
competition and the pursuit of individual gains. Nash equilibrium captures the
interplay between coordination and conflict, guiding the analysis of strategic
interactions.
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Strategic interactions are ubiquitous across diverse domains, including economics,
politics, biology, and social interactions. Game theory provides a framework to
analyze and understand strategic behavior in these domains. By unraveling the
dynamics of strategic interactions and applying the principles of Nash equilibrium,
we gain insights into decision-making processes and can predict outcomes in
complex, interactive systems.

While Nash equilibrium is a powerful concept, it has its limitations. It assumes
perfect rationality and complete information, which may not always hold in real-
world scenarios. Extensions of game theory, such as evolutionary game theory and
behavioral game theory, explore the deviations from traditional models and provide
insights into decision-making processes that depart from strict rationality.

2.3 Stability

Stability is a fundamental concept in game theory, representing a state of the game
where no player has an incentive to change their strategy unilaterally. In the context
of Nash equilibrium, stability refers to the robustness of the equilibrium state.
Rational players, motivated by self-interest, do not have a profitable opportunity to
deviate from their chosen strategies in a stable equilibrium.

Nash equilibrium captures the essence of stability by ensuring that no player can
improve their outcome by changing their strategy while other players remain
unchanged. If a deviation were beneficial, a rational player would seize that
opportunity, leading the game away from the initial equilibrium. The stability of
Nash equilibrium lies in the alignment of individual incentives, preventing
profitable deviations.

In strategic decision-making, players consider the potential payoffs associated with
their actions. A stable Nash equilibrium offers a sense of security and predictability,
as players can trust that their chosen strategy is the best response to the strategies
chosen by others. Stability guides players' decision-making, as they aim to maximize
their payoffs while accounting for the stability of the equilibrium state.

Stability ensures that the equilibrium state resists deviations by remaining attractive
to rational players. If a deviation were advantageous, players would be incentivized
to exploit the opportunity, leading to a new equilibrium state. Stable equilibria
provide a sense of robustness, as players do not find profitable deviations that would
disrupt the equilibrium.
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Stability in game theory often emerges through a process of mutual adjustment
among players. As players anticipate and respond to each other's actions, the game
converges to a stable equilibrium. The dynamics of stability depend on factors such
as strategic interdependencies, information asymmetry, and the degree of
rationality exhibited by players.

Stability is particularly important in repeated games, where players interact multiple
times over a period. Players seek strategies that are robust and offer long-term
benefits. Stable strategies, such as tit-for-tat in the iterated prisoner's dilemma,
enable cooperation and sustainability in repeated interactions, as they prevent
exploitative deviations.

While Nash equilibrium represents a concept of stability, it is essential to
acknowledge that other solution concepts exist, such as evolutionary stable
strategies and correlated equilibria. These concepts explore alternative notions of
stability, accounting for factors beyond individual incentives. Studying these
concepts enriches our understanding of stability in different game settings.

2.4 Multiple Equilibria

Multiple equilibria occur in certain games where different combinations of
strategies yield stable outcomes. Instead of a single unique equilibrium, players face
a range of potential equilibrium states, each characterized by a different set of
strategies. The presence of multiple equilibria adds complexity and strategic choice
to the decision-making process.

Multiple equilibria may arise due to players' different beliefs or focal points that
guide their choice of equilibrium. Focal points refer to salient and commonly
recognized outcomes that players gravitate towards, even without explicit
communication. Shared knowledge, cultural norms, or prior experiences can shape
players' beliefs and focal points, leading to the selection of specific equilibria.

The selection of a particular equilibrium in a game with multiple equilibria often
depends on coordination and communication among players. Effective coordination
mechanisms can help players converge on a mutually desirable equilibrium.
Communication, both explicit and implicit, can facilitate the alignment of beliefs
and aid in selecting a preferred equilibrium.

In games with multiple equilibria, prior agreements or historical context can
influence the choice of equilibrium. Previous interactions, commitments, or explicit
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agreements can shape players' expectations and preferences, leading to the selection
of equilibrium states consistent with prior agreements. The history of interactions
can act as a guiding factor in equilibrium selection.

The stability of equilibrium states is an important consideration in the selection
process. Even though multiple equilibria exist, not all may be equally stable or
desirable. Players often seek equilibria that are robust against deviations and offer
favorable outcomes. Stability considerations, coupled with beliefs, focal points, and
coordination mechanisms, guide the selection process.

Multiple equilibria arise in various domains, such as coordination games, network
formation, and social dilemma situations. Understanding the factors that influence
equilibrium selection helps us analyze strategic interactions and predict the
outcomes in complex decision-making scenarios. Analytical tools like evolutionary
game theory and experimental methods aid in exploring the dynamics of
equilibrium selection.

While Nash equilibrium is a widely studied solution concept, the presence of
multiple equilibria challenges its uniqueness and optimality. Alternative solution
concepts, such as evolutionary stable strategies, correlated equilibria, or
refinements of Nash equilibrium, offer different perspectives on equilibrium
selection, addressing concerns about uniqueness and solution quality.

2.5 Suboptimal Outcomes

While Nash equilibria capture stable states in strategic interactions, they do not
guarantee optimal outcomes. Suboptimal outcomes refer to situations where players
end up in equilibria that are inefficient or less desirable in terms of overall payoffs
or welfare. Suboptimal outcomes arise due to the self-interested behavior of players,
leading to suboptimal system-level results.

Efficiency and social welfare form important considerations in game theory.
Efficient outcomes maximize the overall welfare or total payoffs across all players.
However, suboptimal outcomes can lead to inefficiencies, resulting in lower overall
welfare. Understanding the causes of suboptimal outcomes helps us identify the
gaps between individual rationality and collective optimality.

The concept of the "price of anarchy" quantifies the cost of self-interested behavior
in achieving optimal outcomes. It measures the ratio between the social cost
incurred when players act selfishly and the optimal social cost achievable when
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players coordinate their actions. The price of anarchy highlights the inefficiencies
that arise due to suboptimal outcomes in decentralized systems.

Suboptimal outcomes often emerge due to the lack of coordination and cooperation
among players in strategic interactions. Players act in their own self-interest without
considering the collective welfare, resulting in inefficient allocations of resources or
missed opportunities for mutual benefit. Suboptimal outcomes exemplify the
limitations of individual decision-making in achieving optimal social outcomes.

Various game-theoretic examples illustrate suboptimal outcomes and the price of
anarchy. Examples include congestion games, network routing, resource allocation
problems, and social dilemma games. By studying these examples, we gain a deeper
understanding of how self-interested behavior can lead to suboptimal outcomes and
inefficiencies in decentralized systems.

Efforts to mitigate the price of anarchy involve designing mechanisms, algorithms,
and incentives that align individual incentives with collective goals. Mechanism
design, cooperative game theory, and market interventions aim to bridge the gap
between individual rationality and social optimality. By addressing the causes of
suboptimal outcomes, we can strive for better overall welfare and more desirable
outcomes.

Suboptimal outcomes have real-world implications in domains such as
transportation networks, resource allocation, social networks, and market
mechanisms. Understanding the price of anarchy helps us identify areas for
improvement, develop strategies to mitigate inefficiencies, and design systems that
promote desirable outcomes in the face of self-interested behavior.

2.6 Mixed Strategies

Mixed strategies represent a departure from pure strategies, where players introduce
randomness into their decision-making process. In a mixed strategy, players assign
probabilities to different pure strategies, determining the likelihood of choosing
each strategy. Mixed strategies arise when no pure strategy is dominant, and players
seek to optimize their expected payoffs through probabilistic choices.

Nash equilibrium can involve mixed strategies, where players randomize their
choices according to certain probabilities. In a mixed-strategy Nash equilibrium,
each player's mixed strategy is a best response to the mixed strategies chosen by
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others. Mixed strategies capture the equilibrium state when players have
uncertainties or seek to balance their choices strategically.

Mixed strategies allow players to optimize their expected payoffs by introducing
randomness into their choices. By assigning probabilities to different strategies,
players strategically weigh the potential outcomes and adjust their strategies
accordingly. The element of randomness helps players avoid predictability and
exploitability in strategic interactions.

Game-theoretic examples illustrate the use of mixed strategies in achieving
equilibrium. The famous game of rock-paper-scissors demonstrates the
effectiveness of mixed strategies, where players randomize their choices to prevent
their opponents from exploiting their patterns. Other examples, such as matching
pennies or the battle of the sexes, showcase the power of mixed strategies in
achieving equilibrium outcomes.

Determining the optimal mixed strategies in a game involves calculating the
probabilities assigned to each pure strategy. This calculation often relies on solving
systems of equations or applying mathematical techniques such as linear
programming or the concept of expected payoffs. Analytical tools aid in determining
the optimal mixed strategies in different game settings.

Mixed strategies have significance beyond theoretical game settings. They offer
insights into decision-making under uncertainty, risk management, and
probabilistic thinking. Mixed strategies find applications in fields such as economics,
finance, politics, and military strategy, where optimizing decisions under
uncertainty is crucial.

While mixed strategies provide valuable insights, they have their limitations. The
assumption of players' rationality and knowledge of probabilities may not always
hold in real-world scenarios. Extensions of game theory, such as behavioral game
theory and evolutionary game theory, explore the interplay between mixed
strategies and bounded rationality or evolutionary dynamics.
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